Shape versus Volume: Making Large Flat Extra Dimensions Invisible 
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Much recent attention has focused on theories with large extra compactified dimensions. However, 
while the phenomenological implications of the volume moduli associated with such compactifica- 
tions are well understood, relatively little attention has been devoted to the shape moduli. In this 
paper, we show that the shape moduli have a dramatic effect on the corresponding Kaluza-KIein 
spectra: they change the mass gap, induce level crossings, and can even be used to interpolate 
between theories with different numbers of compactified dimensions. Furthermore, we show that in 
certain cases it is possible to maintain the ratio between the higher-dimensional and four-dimensional 
Planck scales while simultaneously increasing the Kaluza-Klein graviton mass gap by an arbitrarily 
large factor. This mechanism can therefore be used to alleviate (or perhaps even eliminate) many 
of the experimental bounds on theories with large extra spacetime dimensions. 
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I. INTRODUCTION 

Over the past several years, there has been an explo- 
sion of interest in theories with large extra spacetime 
dimensions. Much of this interest stems from the real- 
ization that large extra dimensions have the potential to 
lower the fundamental energy scales of physics, such as 
the Planck scale 0], the GUT scale and the string 
scale Indeed, as is well understood, the degree to 
which these scales may be lowered depends on the vol- 
ume of the compactified dimensions. 

However, compactification manifolds are generally de- 
scribed by shape moduli (so-called "complex moduli") 
as well as volume moduli (so-called "Kahler moduli"). 
This distinction has phenomenological relevance because 
the shape moduli also play a significant role in determin- 
ing the experimental bounds on such scenarios. Unfortu- 
nately, in most previous discussions of extra dimensions, 
relatively little attention has been paid to the implica- 
tions of these moduli. 

In this paper, we shall discuss the phenomenological 
implications of the shape moduli by focusing on the sim- 
ple case of a flat, two-dimensional toroidal compactifi- 
cation. In this case, the relevant shape modulus corre- 
sponds to the relative angle 9 between the two directions 
of compactification. As we shall demonstrate, the corre- 
sponding Kaluza-Klein spectrum is strongly dependent 
on 6, and exhibits level-crossing as well as a changing 
mass gap as 6 is varied. This indicates that shape mod- 
uli such as 6 should not be ignored in phenomenological 
studies of large extra dimensions. Moreover, we shall 
see that such shape moduli even provide an interesting 
means of interpolation between theories with different 
numbers of extra spacetime dimensions. Finally, we shall 
show that under certain circumstances, it is possible to 
exploit shape moduli in order to increase the Kaluza- 
Klein mass gap by an arbitrarily large factor; this oc- 



curs even though the volume of compactification remains 
fixed. This surprising observation can therefore be used 
to alleviate (and perhaps even eliminate) many of the 
bounds that currently constrain such theories with large 
extra dimensions. 



II. COMPACTIFICATION ON A TWO-TORUS 
WITH SHIFT ANGLE: KALUZA-KLEIN 
SPECTRUM 

Since one-dimensional compactifications lack shape 
moduli, we begin the discussion by considering compact- 
ification on a general two-torus, as shown in Fig. |^. Such 
a torus is specified by three real parameters (the two radii 
i?2 of the torus as well as the shift angle 9), and cor- 
responds to identifying points which are related under 
the two coordinate transformations 
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Note that we are using orthogonal coordinates i/i for the 
extra dimensions; likewise, since this is a toroidal com- 
pactification, the metric remains flat for all angles 9. As 
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FIG. 1. General two-dimensional torus with shift angle 9. 
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evident from Eq. , the physical significance of the an- 
gle 9 is that translations along the R2 direction produce 
simultaneous translations along the Ri direction. Note 
that tori with different angles 9 are topologically distinct 
(up to the modular transformations to be discussed be- 
low). 

There are two "shape" parameters for such a torus: 
the ratio R2/R1 and the angle 9. While most previous 
discussions of large extra dimensions have focused on the 
volume of such tori (and even on the ratio R2/R1), they 
have ignored the possibility of the shift 6, essentially fix- 
ing 9 = tt/2. Our goal, therefore, is to understand the 
phenomenological implications of the angle 9. 

Given the torus identifications in Eq. (|l|), it is straight- 
forward to determine the corresponding Kaluza-Klein 
spectrum. The Kaluza-Klein eigenfunctions for such a 
torus are given by 
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where G Z. Applying the (mass)^ operator 
— {d'^/dyf + we thus obtain the corresponding 

Kaluza-Klein masses 
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We see that while the Kaluza-Klein spectrum maintains 
its invariance under (ni,ri2) —(71,1,712), it is no longer 
invariant under rii —ni or 77,2 — s- —77,2 individually. 
The spectrum is, however, invariant under either of these 
shifts and the simultaneous shift — > tt — 6*. We can 
therefore restrict our attention to tori with angles in the 
range < 9 < tt/2 without loss of generality. 

It is clear from Eq. ^ that the Kaluza-Klein masses 
depend on in a non-trivial, level-dependent way. In 
order to deduce the physics behind Eq. (^), let us first 
examine the case with Ri = R2 = R. Wc then find the 
results shown in Fig. |[ As guaranteed by Eq. (||), the 
ground state remains massless for all 9. However, as 9 
is varied, we see from Fig. ^ that the excited Kaluza- 
Klein spectrum exhibits dramatic changes, with many 
light states becoming heavy and several heavier states 
becoming light. 

Interestingly, as a result of this level-crossing, the iden- 
tity of the lowest excited state is itself a function of 9, 
with the (±1,0) and (0, ±1) states (four states total) 
serving as the lowest excitations for tt/3 < 9 < tt/2, 
and the ±(1,1) states (two states total) filling this role 
for 9 < tt/2). In general, we observe that both the mass 
gap fi (defined as the splitting between the ground state 
and the first excited states) and the degeneracy a of the 
first excited states are functions of the shape parameter 
9. 

This is particularly important in the case of Kaluza- 
Klein gravitons. In general, the presence of Kaluza- 
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FIG. 2. The lowest-lying Kaluza-Klein spectrum as a func- 
tion of the shape parameter Q for Ri = R2 = R. In general, 
for Ri = R2, each line labelled by (711,712) represents the 
four-fold degeneracy of states {±(721, 712), ±(712, Tii)} for all 6; 
this degeneracy is only two-fold if ni = n2 or if either ni or 
n2 vanishes. 



Klein gravitons induces deviations from Newtonian grav- 
ity, with the corresponding gravitational potential taking 
the form llir 
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for r ^ 1//^- Thus, in this simple case with i?i = i?2, 
we see that the expected deviations from non-Newtonian 
gravity drop by a factor of two when 9 < tt/3 — even 
though the radii are held fixed. 

It is also possible to understand the behavior of the 
Kaluza-Klein spectrum as — > 0. In this limit, the two 
cycles of the torus collapse onto each other. The result- 
ing Kaluza-Klein spectrum therefore depends on whether 
the periodicities of the two cycles are commensurate. In 
the case with Ri — R2 = R, the two cycles are commen- 
surate, and the torus identifications in Eq. (|l|) collapse to 
become the single identification corresponding to a circle 
of radius R. This behavior is apparent in Fig. ^ the 
only Kaluza-Klein states which remain light as 9 —^ 
are those which effectively reproduce a one-dimensional 
circle-compactification with radius R. Thus, we see that 
the shape parameter 9 allows us to smoothly interpolate 
between compactifications of different numbers of space- 
time dimensions. Note, in particular, that this method 
of interpolation is physically different from the standard 
method of interpolation in which a single radius is taken 
to infinity. 
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This interpolation behavior as 6* ^ is completely 
general, and arises for all rational values of i?2/-Ri- In 
the hmit ^ e <C 1, Eq. becomes 

o 1 / rii \ ^ 

« — — -\ + 

"^'"^ e-^\Ri R2J 

3 \ Ri i?2 ^1 ^2 / 

We thus see that Af„j.„2 ^ 00 as e ^ for all (ni,n2) 
unless R2/R1 is a rational number. In these cases, we 
may represent R2/R1 = p/q where p and q are rela- 
tively prime. We then find that the radius of the re- 
sulting circle-compactification as ^ is given by i? = 
Ri/q — R2/P, with the torus modes (ni,ri2) — k{q,p) 
evolving to become the circle modes Mk — k/R and all 
others becoming infinitely massive. Note, in particular, 
that when p,q ^ 1, the radius R of the resulting circle 
compactification is generally smaller than either i?i or 
i?2- This implies that the corresponding circle Kaluza- 
Klein states are heavier than the initial torus Kaluza- 
Klein states with which we started. 



It is interesting to explore the case when R2 /Ri is not 
a rational number. Indeed, unless there is some dynam- 
ics that fixes the radius moduli to have a rational ra- 
tio, this will be the generic situation. In such cases, 
all excited Kaluza-Klein states become infinitely mas- 
sive as ^ 0; essentially the radius of the resulting 
circle-compactification is zero. This divergence of the 
Kaluza-Klein masses is ultimately a refiection of the in- 
commensurate nature of the two torus periodicities, an 
incompatibility which grows increasingly severe as —> 0. 
Note that the actual limit as —> is a singular one, 
corresponding to a degenerate compactification manifold. 
However, our point is that when R2/R1 is irrational, we 
can always make our excited Kaluza-Klein states arbi- 
trarily heavy by choosing a sufficiently small value for 9. 
Thus, for all intents and purposes, there always exists a 
(small, non-zero) value of 9 for which we can make our 
extra dimensions truly "invisible" with respect to labora- 
tory or observational constraints that rely on the presence 
of light Kaluza-Klein states. 

III. SHAPE VERSUS VOLUME 




FIG. 3. The Kaluza-Klein spectrum as a function of the 
shape parameter 9 for Ri = 4R2. Each state (ni,n2) is 
two- fold degenerate with —(711,712). 

This behavior when R2 / Ri is rational is illustrated in 
Fig. H, where we have taken R2/R1 = 1/4. In this case, 
the radius of the resulting circle compactification is Ri/A. 
The mass gap therefore becomes four times as large as 
^ as it was at 9 = 7r/2, leading to an exponential 
suppression of the deviations from non-Newtonian grav- 
ity. 



Thus far, we have shown that when R2/ Ri is irrational, 
our excited Kaluza-Klein states become arbitrarily heavy 
as — > 0. As such, these extra dimensions become "invis- 
ible", even though the radii i?i,i?2 are held fixed. How- 
ever, even though the radii arc held fixed, the volume 
of the extra dimensions is falling to zero. Indeed, when 
R2/ Ri is irrational, the compactification volume falls like 
sin 9 while the excited Kaluza-Klein masses diverge as 
1/ sm9. To what extent, then, can the compactification 
volume remain "large" while the corresponding Kaluza- 
Klein states become heavy? Indeed, what is the role of 
the shape moduli when the volume is held fixed? As we 
shall see, this issue is surprisingly subtle. 

To address these issues, we now study the behavior of 
the Kaluza-Klein masses when the volume of the com- 
pactification manifold is held fixed. Towards this end, 
let us reparametrize the three torus moduli (i?i , R2,9) in 
terms of a single real volume modulus V and a complex 
shape modulus r: 



V = Ati'^RiR2 sint 



Ri 



(6) 



We shall also define ti = Rer and T2 = Imr. Using 
these definitions, we can express {Ri,R2,9) in terms of 
(y, r) via 
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The periodicities in Eq. Im) then take the form 
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where z = yi ^- iy2 , and the Kaluza-Klcin wavcfunctions 
in Eq. (||) take the form 
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Operatmg with the (mass)^ operator —Ad'^/{dzdz) then 
yields the Kaluza-Klein masses 
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Note that ahhough Eq. ( pO| ) is merely a rewriting of 
Eq. (H), we have now explicitly separated the effects of 
the volume modulus V from those of the shape modulus 
T. Writing the remaining shape factors in terms of the 
original parameters R2,d), we thus obtain 
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Using this result, we can now consider the effects of the 
shape parameter when the compactification volume is 
held fixed. In Fig. |4[ we plot the Kaluza-Klein masses 
for the i?i = i?2 and i?i — AR2 cases considered earlier 
in Figs. 1^ and ^j. Note that in order to keep the vol- 
ume fixed as — > 0, the radii are now forced to grow 
increasingly large (even though their ratio is held fixed). 
This increase in the radii therefore provides an extra ten- 
dency towards lowering the Kaluza-Klein masses, as can 
be seen by comparing the masses plotted in Fig. ^ to 
those plotted in Figs, g and ^. 

Despite this tendency towards smaller Kaluza-Klein 
masses, we see that the shape moduli can help to render 
the large extra dimensions effectively invisible even when 
the compactification volume is held fixed. For example, 
in the case with i?i 4i?2, we see that the mass gap 
increases by a factor of two near sinS « 1/4. This occurs 
even though the ratio R2/R1 and the compactification 
volume are both being held fixed relative to their val- 
ues at 9 — tt/2. Indeed, these suppressions become even 
more pronounced for scenarios with R2/R1 — p/q with 
larger values of (p, q) . We stress that these features are 
possible only because of the introduction of non-trivial 
shape moduli. 

Nevertheless, the utility of this mechanism is ulti- 
mately limited when R2/R1 is rational because of the 
appearance of an infinite tower of Kaluza-Klein states 
which become massless in the 6^0 limit. Of course, 
these states are nothing but the circle-compactification 
states whose masses previously remained finite when the 
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FIG. 4. The Kaluza-Klein mass spectrum as a function 
of the shape parameter for Ri — R2 (upper plot) and 
Ri — 4R2 (lower plot). In each case, the compactification 
volume is held fixed. 
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radii were held fixed in Figs. ^ and ^. As discussed above, 
these states now become massless when the volume is 
held fixed because the radii must now compensate by 
becoming infinitely large as — > 0. 

Given this, it is natural to wonder whether we may 
avoid the appearance of these dangerous massless states 
in the ^ limit by considering the case when |t 
R2/ Ri is irrational. It is immediately clear that there are 
two opposite forces at play in such cases. First, there is 
the tendency towards masslessness which arises because 
of the expanding radii as ^ 0. However, this must 
compete against the opposite tendency, driven by the 
irrationality of the ratio R2 / Ri , which pushes the masses 
of the resulting "circle-compactified" states to infinity (or 
equivalently pushes the radius of the resulting "circle- 
compactification" to zero). 

In order to determine the net effect on the Kaluza- 
Klein mass spectrum, let us return to Eq. ([Ill ) and con- 
sider the 6' ^ e <C 1 limit: 



V 

4^ 



Mi 



(?i2 - ni\T\ 

\r\e 
4nin2|r| -t- ) 



6|r| 



e + 0{e^) (12) 



where |r| = R2/R1 is irrational. This is the fixed- volume 
analogue of Eq. (^. Given this expression, we can im- 
mediately see the two tendencies at work. The first term 
on the right side of Eq. ( p^ ) generally diverges because 
"■2 — never vanishes exactly. Thus, the general 

Kaluza-Klein state becomes infinitely heavy as 6* — > 0. 
However, for any fixed chosen value of e, we can always 
find special states (ni, 712) for which this first term comes 
arbitrarily close to cancelling; this simply requires choos- 
ing sufhciently large values of (71,1,712). These special 
states with large (71,1,712) are potentially massless. On 
the other hand, choosing such large values of (711,712) 
drives the second term in Eq. ( [l^ ) to larger and larger 
values. [Note that the third and higher terms are always 
suppressed relative to the second term in the e — > limit, 
even as (71,1,712) grow large.] Thus, because of the con- 
flict between these two terms, it is not readily obvious 
whether these special, potentially massless states actu- 
ally become massless in the 6^0 limit. 

The outcome of this competition between the first two 
terms in the Kaluza-Klein mass formula in Eq. (|l^) rests 
on the efficiency with which ?i,2 — Jt-i 1^1 can be made to ap- 
proach zero for integer (rii, 712), as a function of 712, given 
an arbitrary irrational number |t|. Let us parametrize 
this efficiency in the form 



(712 - 71i|t| 



2(1+7) 



as (71,1,712) ^ 00 (13) 



for some constants A and 7. We shall see shortly that 
this is indeed the most relevant parametrization for this 



asymptotic behavior. Thus, for these potentially mass- 
less states, Eq. (12) becomes 



A 
7/y 



(14) 



^ where y 



2-1-7 



r\e/A. 



Fortunately, y + y~ is bounded from below for all 
values of y. The issue therefore boils down to a sim- 
ple number-theoretic question: what is the value of 7? 
Clearly, if 7 > 0, we see from Eq. ([l^ ) that the lightest 
Kaluza-Klein states for irrational |t| become massless as 
6* — !■ 0. By contrast, if 7 < 0, then irrationality succeeds 
in preventing the appearance of massless states as — > 0. 

It turns out that the value of 7 has been extensively 
investigated in the mathematical literature. Indeed, this 
is nothing but the ancient problem of Diophantine ap- 
proximation, with 2(1 + 7) traditionally known as the 
"irrationality measure" or as the "Liouvillc-Roth con- 
stant". The results are as follows According to an 
1842 theorem by Dirichlet, for all irrational numbers |r| 
it is possible to find an infinite number of integer pairs 
(111,112) such that Eq. ( [l^ ) holds with 7 > 0. How- 
ever, for the case of algebraic irrational numbers |t| (de- 
fined as irrational numbers which can be realized as solu- 
tions of non-zero polynomials with integral coefficients), 
a stronger 1955 theorem due to Roth ||^,^ states that 
7 < 0. (No such stronger theorem has yet been proven 
for non-algebraic irrational numbers.) Combining these 
two results, we conclude that 7 = for the case of alge- 
braic irrational numbers. 

This result indicates that irrationality succeeds in pre- 
venting the appearance of massless Kaluza-Klein states as 
9 —^ 0, even if we hold the compactification volume fixed 
and the radii become infinitely large. This result is rigor- 
ous for algebraic irrational values of |t| = R2/R1, and is 
likely (though unproven) to hold for certain non-algebraic 
(transcendental) irrational values as well. Thus, for alge- 
braic irrational numbers |t|, we see that these dangerous 
Kaluza-Klein states all have masses which are bounded 
from below: 



^ ) Ml^^^ > 2A 



(15) 



In other words, the mass gap as —> is bounded from 
below according to Eq. (15). Moreover, for any given 
value of 6* ~ e <C 1, the Kaluza-Klein state which comes 
closest to saturating this bound is simply the state for 
which y fa 1 in Eq. (p^. This is the state for which 
nl^A/i\r\e). 

In order to measure the importance of the shape mod- 
ulus 0, let us compare /x', the mass gap in the — s- 
limit, with fi, the original mass gap at 9 = 7r/2. Accord- 
ing to Eq. (ITll), the original (mass)^ gap at 9 — tt/2 is 
given by either |r| (if |r| < 1) or l/|r| (if |r| > 1). Let us 
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henceforth assume that |t| > 1 without loss of general- 
ity. Thus, in general, the (mass)^ gap as 6* ^ is greater 
than the original (mass)^ gap at = 7r/2 by a factor 

Thus, if SAjrl > 1, we have an exponential suppression 
of the effects of the Kaluza-Klein states as — > 0. 

Let us give an explicit example by considering a com- 
pactification with |t| ee R2/R1 = 5(8 + ^5) ~ 2.618. 
(We shall see later that this example is motivated on 
both mathematical and physical grounds.) Our goal is 
to understand the corresponding spectrum of Kaluza- 
Klein states as we take 9-^0 while holding |t| and 
the compactification volume fixed. As 9 decreases, the 
above arguments indicate that the majority of Kaluza- 
Klein states become increasingly heavy. Indeed, the only 
states (711,^2) which have a tendency to become light 
are those which are approximately "circle-compactified" , 
satisfying 712 w |T|ni. In this example with |r| w 2.618, 
such low-lying states include (1,2), (1,3), (2,5), etc. The 
behavior of these states is illustrated in Fig. ||(a). 

Once 9 becomes sufficiently small, however, the light- 
est (and hence most dangerous) states are ultimately 
those which lie on the leading 7 = trajectory in 
Eq. (|l3|). Which states are these? While methods ex- 
ist [|| for determining these leading states unambiguously 
for any value of |r|, in this case with |t| = ^(3 + "v/S) it 
turns out that these leading states can easily be deter- 
mined from the famous Fibonacci sequence of integers 
fk = {1,2, 3, 5, 8, 13,...} defined by the recursion relation 
fk = fk-i + fk-2 with /i = 1 and /2 = 2. It is well 
known that the ratio of successive integers in this series 
rapidly approaches the "golden mean" g = + V^) 
as A: — !■ 00. Thus, since |r| = 1 + g in our example, 
the lightest Kaluza-Klein states as 6* ^ are simply the 
states (71,1,712) = [fk, fk+2) for increasingly large values 
of k. Note, in particular, that fk+2/fk ~* kl = 1 + .9 as 
fc ^ 00, as desired. 

It is straightforward to verify that this set of Kaluza- 
Klein states satisfies Eq. ( p^ with 7 = 0. This verifies 
that these states converge at the maximum possible rate 
— i.e., that these are indeed the lightest states as 9 ^ 0. 
However, since 7 = 0, the masses of these states are 
bounded from below, in accordance with Eq. ([l5|). This 
behavior is illustrated in Fig. ||(b). Moreover, for each 
different value of 9, we see from Fig. ||(b) that a different 
excited Kaluza-Klein state in the Fibonacci series has an 
enhanced tendency to become massless. This is precisely 
the behavior discussed below Eq. (p^. 

It turns out that A = l/Vb in this example. Since 
|r| = 1 + g = i(3 + \/5), the asymptotic mass gap ratio 
in this example is given by (/i'//i)^ = 1 + S/Vb ~ 2.34. 
This behavior is also shown in Fig. ^(b), where we have 
renormalized the overall Kaluza-Klein spectrum so that 
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FIG. 5. The Kaluza-Klein mass spectrum 
with jrj = R2/R1 = |(3 -I- \/5). In the upper plot (a), we 
show the behavior of the (0, 1) state as well as the behavior 
of several other low-lying Kaluza-Klein states which initially 
tend towards masslessness as — > 0. In the lower plot (b), 
we illustrate the behavior of these states as S ^ by plotting 
sinO on a logarithmic scale. In both plots, we have renormal- 
ized the overall Kaluza-Klein spectrum so that the mass gap 
at 6 = n/2 is set to 1. Note that the Kaluza-Klein mass gap 
is larger as 9 —> than it is at 6 = n/2, even though the 
compactification volume V and the radius ratio |r| = R2/R1 
are held fixed. 
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the mass gap at 9 = 7r/2 is set to 1 . Although not large in 
this example, this mass gap ratio exceeds 1 and thereby 
leads to a relative exponential suppression of the effects of 
the Kaluza-Klein states. Specifically, recall from Eq. (^) 
that in the case of Kaluza-Klein gravitons, the corre- 
sponding deviations from Newtonian gravity are given 
by Ay(r») ^ ae~^'^' jr^. where a is the degeneracy of the 
first-excited Kaluza-Klein level, /x is the mass gap, and 
r, ^ fi^^ is the distance scale associated with such mea- 
surements. A change in the mass gap from fi to fj,' thereby 
suppresses these deviations by an exponential factor 



AV 
Ay 



exp 



1 Air, 



(17) 



Taking /xr, « 10 as a reference value, we see that 
AV'/AV « 5 X lO^'^ for this example. This can there- 
fore be a significant factor contributing to the invisibil- 
ity of the extra dimensions, even though we have held 
both the compactification volume and the radius ratio 
\t\= R2/R1 fixed. 

Thus far, we have shown that irrationality succeeds 
in preventing the appearance of massless Kaluza-Klein 
states as 6* — > 0. Indeed, we have seen that the Kaluza- 
Klein masses are always bounded from below, with the 
size of the mass gap as completely determined by 
the value of the parameter A in Eq. (|l^), and the size 
of the mass gap ratio determined by the product A\t\ in 
Eq. (p^. The next question, therefore, is to determine 
the sizes of A and A\t\. How large can these parameters 
become, and for what values of |r| are they maximized? 

This issue has also been investigated in the mathemati- 
cal literature, with the following results. It turns out that 
the set of all possible values of A (the so-called "Lagrange 
spectrum") is generally discrete, with only certain values 
allowed; moreover, the set of all algebraic irrational num- 
bers |t| may be sorted into equivalence classes depending 
on their corresponding values of A. According to a the- 
orem by Hurwitz the Lagrange spectrum is bounded 
from above by the value l/-\/5. Thus, our previous ex- 
ample already reaches the maximum possible value of A. 
However, the set of |r| corresponding to each value of 
A is countably infinite, and includes values of |t| with 
ever-increasing magnitudes. Thus, we see that although 
A < the value of the mass gap ratio 2A\t\ can be 

chosen to be arbitrarily large. 

Once again, let us give an example. Rather than con- 
sider |t| = l-t-g as in our previous example, let us instead 
consider a more general compactification with the value 
|r| = m + g where m e 2^. Such values of |r| are all in 
the same equivalence class as the golden mean g. It turns 
out that for any m S Z+, the lightest Kaluza-Klein states 
as 6* ^ are those with (ni, 712) = (/fe, fk+i+'mfk) where 
{fk} are the same Fibonacci numbers as before. Indeed, 
it is easy to verify that these states continue to satisfy 
Eq. ([1^ ) with 7 = and A = l/VS for all m. However, 



while the value of A does not change as a function of 
m, we can make |t| arbitrarily large simply by choosing 
m arbitrarily large! Thus, the mass gap ratio 2A\t\ can 
be made to increase without bound. In other words, the 
phenomenological effects of taking 6^0 become more 
and more significant as m ^ 00. 

It should be noted that while the mass gap ratio fi' / fi 
in Eq. (|l6|) increases with increasing m, the mass gap fj, at 
9 = n/2 actually decreases. This is required by the fact 
that A itself (and hence /x' itself) is bounded from above. 
However, the fact that the mass gap ratio can become 
arbitrarily large illustrates the fact that shape parame- 
ters can have a profound effect in altering the properties 
of the Kaluza-Klein spectrum. Moreover, while the orig- 
inal mass gap at 9 — tt/2 depends strongly on |r|, we 
have seen that the mass gap as — > becomes indepen- 
dent of |t|. We shall see below that this has important 
phenomenological implications. 

We also stress that none of these conclusions rely on 
choosing values of |r| which are related to the golden 
mean g ~ |(1 + \/5). Indeed, for any algebraic irrational 
number ^, there is always a corresponding non-zero value 
A^. We can then always find a related set of irrational 
numbers |t| in the same equivalence class as ^ such that 
2Af\T\ 00. 



IV. DISCUSSION AND PHENOMENOLOGICAL 
IMPLICATIONS 

In many situations, these observations can be exploited 
in order to dramatically weaken the experimental bounds 
on scenarios involving large extra dimensions. 

To see this, let us consider the scenario of Ref. 
in which large extra dimensions felt only by gravity 
are responsible for lowering the fundamental (higher- 
dimensional) Planck scale into the TeV range. In this sce- 
nario, the ratio between the four-dimensional and higher- 
dimensional Planck scales is set purely by the compact- 
ification volume V; the shape moduli are irrelevant in 
this regard. (This is evident from the usual Gauss-law 
arguments essentially the higher-dimensional limit is 
achieved by considering length scales so small that the 
precise shape of the compactification manifold becomes 
irrelevant.) We are therefore free to choose our shape 
moduli so as to avoid laboratory, astrophysical, and cos- 
mological constraints. 

It is precisely here that our observations come into 
play. Let us first consider the experimental bounds on 
extra dimensions that would normally apply in the case 
with 9 = 7r/2. In this case, we know from Eq. (10) that 
the lightest Kaluza-Klein states have masses 



47^2 ; '"ni,n2 



1 



(18) 
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where we have assumed |r| = R2/R1 > 1 without loss 
of generaUty. However, no Kaluza-Klein states have ever 
been detected experimentally; thus the mass of the light- 
est Kaluza-Klein states must exceed some experimental 
limit Mexpt- For example, in the case of extra dimen- 
sions felt only by gravity, the current bound is given 
by Afcxpt ~ (mm)"^ Thus, demanding M„j_„2 > Mcxpt 
in Eq. (pi), we find 



V\t\ < 47r2(Mexpt)" 



(19) 



Note that since V = 47r^i?ii?2 and |r| = R2/R1 > 1, this 
constraint equivalently takes the form 



i?2 < (A^cxpt) 



(20) 



Thus, we see that it is not the volume that is bounded 
when = it/2 — strictly speaking, what is actually 
bounded is the size of the largest single radius. 

By contrast, let us now consider the same situation as 
9 — > 0. In this case, we have already seen that Eq. (|l|) 
is replaced by Eq. ( |l5|) where A > 0. Thus, again impos- 
ing the experimental constraint that the lightest Kaluza- 
Klein states have masses exceeding Mexpt, we find that 
Eq. ( |l9| ) is replaced by 



V < 8^2^(Mexpt)^ 



(21) 



Equivalently, multiplying both sides of Eq. ( pi] ) by |t|, 
we see that Eq. (EG) is replaced by 



2A\t\ 



R2 ^ ■ n (^^cxpt) ^ 

smt^ 



(22) 



However, we have already demonstrated that it is pos- 
sible to choose |t| such that the product A\t\ becomes 
arbitrarily large. Moreover, in the limit we are consid- 
ering, sin0 0. Thus, in such cases, the experimental 
bounds when — > become infinitely weaker than they 
are when = 7r/2. 

To phrase this result somewhat differently, note that 



whereas Eq. (19) is really a bound on the single largest 
radius, Eq. (|2l|) is actually a bound on the compactifica- 
tion volume. As such, it is completely insensitive to the 
size of the largest radius! As long as |t| = R2/ Ri is cho- 
sen within a fixed equivalence class of algebraic irrational 
numbers (so that the corresponding value of A remains 
fixed), we can choose R2 as large as we wish without run- 
ning afoul of experimental constraints! The root of this 
result, of course, is our critical observation in Eq. (|l5| ) 
that the Kaluza-Klein mass gap becomes independent of 
|r| in the 6* ^ limit. 

This result is striking. After all, even in the usual case 
with 6 ~ 7r/2, we know that we retain the freedom to 
change the ratio |t| = R2/R1 while keeping the volume 
fixed. However, this freedom can usually be exploited 
only up to a point: no single radius can exceed the size 



{Mcxpt)~^ set by the experimental constraints. By con- 
trast, as 6* ^ 0, we see that we can adjust this ratio |r| 
at will, making either radius as large as we wish while 
holding the volume fixed. Indeed, as long as |r| is chosen 
from within the same equivalence class of algebraic irra- 
tional numbers, there is no experimental limit on the size 
to which the single largest dimension can grow. Thus, 
in this sense, a large extra dimension can truly be ren- 
dered "invisible" , even when the compactification volume 
is held fixed. 

This result implies that we must be extremely careful 
when interpreting the results of precision tests of non- 
Newtonian gravity 0. Indeed, we now see that such 
tests need not be interpreted as placing limits merely on 
the size of the largest extra dimension; in some cases 
they instead place limits directly on the compactification 
volume, leaving the compactification radii completely un- 
constrained. This observation also applies to astrophys- 
ical bounds that come from Kaluza-Klein graviton pro- 
duction {e.g., in supernovas), and likewise to bounds that 
may come from Kaluza-Klein neutrinos axions 
and other bulk fields. 

One might worry that if this scenario is embedded 
into string theory, there might exist winding-mode states 
which become light when the larger radius becomes in- 
finitely large and the smaller radius becomes correspond- 
ingly small. This would certainly be the case if the 
Kaluza-Klein masses were to become heavier than the 
fundamental string scale. However, as — *■ 0, we have 
seen that the masses of the lightest Kaluza-Klein states 
do not grow arbitrarily large; instead, these masses are 
bounded from above because A itself is bounded from 
above. Thus, as long as the Kaluza-Klein states re- 
main light compared to the fundamental string scale, the 
winding-mode states remain correspondingly heavy. 

Another potential worry concerns the existence of 
toroidal modular symmetries. Through modular trans- 
formations, it is always possible to redefine the values of 
i?2, and 6 without changing any of the underlying 
physics. However, such modular transformations neces- 
sarily leave the Kaluza-Klein spectrum invariant. Thus, 
any effects which actually modify the Kaluza-Klein spec- 
trum (such as the shape effects we have been studying) 
must represent physical effects which go beyond mere 
modular transformations. Indeed, the critical distinction 
between rational and irrational values of |r| which we 
have observed as —> is not something that an SL{2, Z) 
modular transformation (with its integer coefficients) can 
eliminate. This issue will be discussed further in Ref. . 

Clearly, the scenario we have outlined in this paper 
rests upon the unique properties exhibited by the Kaluza- 
Klein spectrum that emerge as 6* ^ when |t| is cho- 
sen to be an algebraic irrational number. While it may 
seem unnatural to take such small values of 9, we stress 
that they are part of the allowed compactification mod- 
uli space as long as 9 > 0. Likewise, it may seem fine- 
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tuned to take |t| = R2/R1 irrational. However, given 
that (i?i,i?2) are a priori unconstrained, all values are 
equally likely, and indeed it is the rational values which 
represent fine-tuning. 

In fact, given the modular symmetries of the torus, 
such moduli may even be preferred. As we have men- 
tioned above, the Kaluza-Klein spectrum in Eq. (^0|) is 
invariant under the modular transformations r — > t + 1 
[under which (rii,n2) — > {ni,n2 — ni)] and t — l/r 
[under which (711,712) (— 772,7ii)]. Since these modu- 
lar transformations do not change the underlying torus, 
they should be a symmetry of any dynamical effective 
potential Vcffir) which eventually stabilizes the moduli, 
with the extrema of the potential corresponding to fixed 
points under the modular transformations. (An exam- 
ple of this in the case of Casimir energies can be found in 
Ref. ||ll[.) For T2 > 0, it is well known that there are only 
two distinct fixed points: t — i and r — e^^l'^ . However, 
if wc permit ourselves to consider the T2 — ^ limit, we 
find that there are a series of additional fixed points with 



± Vp^ 



j3 e Z > 2 . (23) 



Indeed, for these points the modular transformation r — > 
— l/r produces t\ — + ti -|- p, which is identified with t\ 
under the torus symmetries. Note that for p > 2, these 
values are all algebraic irrational numbers, as desired. 
Moreover, this series of fixed points includes the value 
|r| = i(3 a/5) which, as we have already seen, corre- 
sponds to the maximum possible value of A. Thus, even 
though such points with T2 = are at the "edge" of the 
allowed moduli space (and strictly speaking are not even 
within the fundamental domain of the modular group), 
we can imagine that the dynamics might cause the shape 
moduli to approach these fixed points given appropriate 
initial conditions. As such, these limiting cases could 
emerge as the result of non-perturbative string dynamics 
or via cosmological evolution. 

In summary, then, we have shown that the shape mod- 
uli associated with large-radius compactifications can 
have a significant effect on the corresponding Kaluza- 
Klein spectrum and in turn on the resulting low-energy 
phenomenology. We investigated these ideas in the con- 
text of flat, two-dimensional toroidal compactifications, 
but similar effects are also likely to arise in more compli- 
cated higher-dimensional compactifications on more ex- 
otic manifolds or even in "warped" compactifica- 
tions |l3[ . Indeed, we have seen that in certain limiting 
cases, it is possible to make large extra dimensions essen- 
tially "invisible" with respect to experimental and obser- 
vational constraints on light Kaluza-Klein states. The in- 
corporation of shape moduli can therefore be used to sig- 
nificantly widen the allowed parameter space of higher- 
dimensional theories beyond what has previously been 
considered. 
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